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1. Introduction. For each n let (X

Y. )yeoos(X ) be a random

171

mple from a continuous bivariate distribution function (df) H(x,y

n’Yn

ving merginal dfs F(x) and G(y). The bivariate empirical df based
this sample is denoted by Hn' With respect to the n random variab
vs) Xi(Yi) corresponding to the first (second) coordinates, the
pirical 4f is denoted by Fn(Gn), the i-th order statistic by Xin(Y
d the rank of Xi(Yi) by Ri(Qi)' All samples are defined on a singl
obability space (Q,A,P).

The rank statistics most commonly used to test the independence

pothesis H = F.G, are of the linear type

:re an(i), bn(i) are real numbers for i = 1,...,n (see Hidjek and

jak [6]). A suitably standardized version of T, will be (see also

xhongkul [1])
1) n1/2(Tn-u) = n1/2fff I (F K (G )aH -ul;
.2) J (s) =a (i), K (s) =b (i) ,

» (i-1)/n<s <i/nand i =1,...,n, and




-

3) w=[[ J(F) k(c)aH,

* some functions J and K on (0,1) that can be thought of as limits
the score functions Jn and Kn.

In order to summarize the main results of this paper let us
;roduce the function

L) r = [1(1-1)1"

on (0,1),
:re I is the identity function on the unit interval. Under the hypo-
:sis and under contiguous alternatives, asymptotic normality of (1.1)

1/2-8

" be proved for score functions J and K of order r for some

+ 0 (see Hajek and $iadk [6]). Jogdeo [T] establishes asymptotic nor-
.1ty under the hypothesis of a statistic more general than Tn; the
wth condition on his score functions in the case of Tn is r1/h-6.
an approach analogous to that of Chernoff and Savage [3] for the
-sample problem, Bhuchongkul [1] proves asymptotic normality under
:ed alternatives provided the score functions are of the order

; r(see Section 2). The main purpose of this paper is to relax these

iditions to r”h_(S 1/2=8

in general and r for a special class of dfs H.
In Theorem 2.1 the asymptotic normality of (1.1) is established for
her smooth score functions with orders of magnitude not exceeding
and rb, where the numbers a and b satisfy the relations a = (1/2~6)/p0 and

. -1, -1
: (1/2-6)/qo for some 0 < § < 1/2 and some Pps 9y > 1 with pj +qy = 1.




condition other than continuity is imposed on the df H. The theorem
stronger than Theorem 1 of Bhuchongkul [1]. The proof is based on

der's inequality in the form
>) f1 lo(mru(e)ar < Cf]4|Paz1'/Prf|y|%r'/e,

re ¢ and Y are functions on (0,1), dI denotes Lebesgue measure res-
cted to the unit interval and p, q > 1 satisfy p'-1+q_1 = 1.

Theorem 2.2 gives asymptotic normality of (1.1) under much weaker
ditions on the score functions. Here these functions are allowed
be of order r® and rb, where a = b = 1/2-8 for some 0 < § < 1/2,
price for this is a condition on the df H, keeping it in some

se similar to the null hypothesis. This condition is
§/2
6) dH < Clr(F) r(G)17'° 4F4G,

n fixed constants C > 1 and O < 6 < 1/2. Mathematically, (1.6) allows
irect factorization of the left-hand integral in (1.5) which is more
icient than HGlder's inequality. Intuitively, this condition prevents
large (small) X's from occurring in the same pair as large (small)
with too high a probability. Condition (1.6) trivially holds under
null hypothesis. More generally it is also satisfied if H can be

tten as a polynomial in its marginals F and G. This class of distribu-
1s was introduced by Lehmann [9] and the special case where

FG[1+a(1-F)(1-G)] for -1 < o < 1 was considered by Gumbel [5].




nally (1.6) holds for all bivariate normal distributions with a
fficiently small correlation coefficient (use Lemma 2 on page 166
Feller [L4] to see that (1.6) holds for a correlation coefficient

tween -8/(2-8) and &/(2-6)).

2. Statement of the theorems. Each of the theorems below establishes

2 asymptotic normality

1) n1/2(Tn—u)+d N(O,oz) as n > o,
(1.1)3 here u and o° are finite and are given by (1.3) and (3.10)
spectively.

Let H denote the class of all continuous bivariate dfs H, and let
g denote the subclass that satisfies (1.6) for fixed C > 1 and
< 8§ < 1/2.

To prove (2.1) for general H in H we require a strong boundedness

1dition on the score functions.

ASSUMPTION 2.1. The functions J and K are continuous on (0,1);

’h is differentiable except at an at most finite number of points,
l in the open intervals between these points the derivatives are
itinuous. The functions J , K , J, K satisfy !Jnl < or¥, |Kh| _<_.Drb
1

(1)| <™ for i =o0,1,




:re defined on (0,1). Here D is a positive constant and a and b

sisfy
.2) a= (1/2-6)/p0 , b= <1/2-6)/q0
1

»some 0 < § < 1/2 and some Py» 9, > 1 with p51+q5 = 1.

proving (2.1) for the more restrictive class H06 we only require a

ik boundedness condition on the score functions.

ASSUMPTION 2.2. Assumption 2.1 holds with

.3) a=b=1/2-8

»some 0 < & < 1/2,

We also need a condition on the convergence of Jn’ Kn to J, K. Define

=
t
|

__1/2
n ffAn[Jn(Fn)Kn(Gn) - J(F )x(e )laH_,

5) BY =32 J [3_(F K (G ) - J(F)K(c))IaE_,

Y
1

re
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6) A=A %A withAn = [X, ,X )andAn = [Y ),

n nl "n2 1 n® nn 2 1n’Ynn

1) Fo= In/(0+1)IF,, G = [n/(n+1)10 .

ASSUMPTION 2.3. Either (a) B

On On

.s assumption is very general, but may occasionally be difficult to

»ify. However, most examples are special cases of Remarks 2.1 and

2 below.

REMARK 2.1. If the scores of (1.2) satisfy an(i) = J(i/(n+1))
1 bn(i) = K(i/(n+1)) for 1 <i < n for some functions J and K, then

sumption 2.3 (b) holds uniformly for H in H. (In this case B;n =0

* all n.)

REMARK 2.2. Suppose that J and K are increasing and twice diffe~
1itigble on (0,1), and that |J(i)| _<_Dr"’*+i and IK(i)| _<_Drb+i for
: 0,1,2 where D > 0 and a and b satisfy (2.2). Let the scores an(i)
1 bn(i) of (1.2) be the expectations of the i-th order statistics
samples of size n from populations whose dfs are the inverse
lctions of J and K respectively. Then Assumption 2.1 holds and
sumption 2.3 (a) holds uniformly for all H in H. (This statement
leralizes Theorem 2 of [1] and the proof may be given in the same
r. It relies mainly on the fact that
e, (1)-3(i/n)| = 0(n®) and 5{71[b_(i)=k(i/n)| = O(a®), which
lows from formulas (7.14) and (7.24) of [3] with o = a and 0 = b

spectively )

> 0 as n~>wx, or (b) BY > 0 as n -+ o,
b b




THEOREM 2.1. If H is in H and if Assumptions 2.1 and 2.3 are

;isfied, then the asymptotic normality (2.1) holds. Given any

iclass H' of H such that Assumption 2.3 holds uniformly for H in H'

2
(

l such that 02 = ¢"(H) is bounded away from O on H', the convergenc

(2.1) is uniform for H in H'.

Note that (2.2) is satisfied if a = b = 1/beec for some O < € < 1
ke Pp =9 = 2 and § = 2¢). Thus Theorem 2.1 allows a rate of
1/k-e for the score functions J and K and I‘S/M"E

1/8=¢

ivatives. In Theorem 1 of [1] these rates are r and r respec-

wth r for their
ely; in fact the latter condition reduces the rate for J and K to
. r. Moreover in [1] the score functions are assumed to be twice

'ferentiable throughout the unit interval.

THEOREM 2.2, Fix C > 1and 0 < § < 1/2. If H is in H06 and if
umptions 2.2 and 2.3 are satisfied, then the asymptotic normality

1) holds. Given any subclass Hés of Hcg’such that Assumption 2.3

ds uniformly for H in Hég and such that 02 = 02(H) is bounded away

m O on H!

s 2 the convergence in (2.1) is uniform for H in H!

ce’




3. Proof of the theorems: Asymptotic normality of the

ding terms. Let F_1(s) = inf {x:F(x)>s} and G_1(t) = inf{y:G(y)>t};

:se definitions imply F(F-1) = G(G"1) = I, The random functions

_1)

F~') ana Gn(G are  with probability 1 the empirical dfs of

: sets of independent uniform (0,1) pvs F(X ),...,F(Xn) and

1

'1),...,G(Yn) respectively. Define the empirical processes
= n1/2[Fn(F_1)-I] and V_ = n1/2[Gn(G'1)-I] on [0,1]. With probability 1

se processes satisfy Un(F) = n1/2(Fn-F) and Vn(G) = n1/2(Gn-G) on

'y®). All of the above remarks follow from the fact that

1) P(a.) = P({w:Fn(F'1 ol

0 (F)) = Fn,G (G

n (G)) = G, for all x,y

and n}) = 1.

Without loss of generality we shall prove Theorems 2.1 and 2.2
the case where both J and K fail to have a derivative at just one

nt, say at s. and t1 respectively. For small positive y define the

1

S

-1

-1 -1 -1
sY1 = [F (y), F (51-Y)] u [F (s1+y), Fo(1=y)1,
2)
- -1 -1 -1
Spo = (6 (v), ¢ (t,-v)] v lG (t +v), ¢ (1=y)7,
3) n = {wisup|F -F| < y/2, sup|G -G| < v/2}
SY = SY1XSY2 be the product set in the plane and let x\QYn) denote
indicator function of Qyn' For w in ﬂo n Qyn the mean value theorem

es




__1/2 . .
=n "°J(F) + Dn(F) J (@n)

¢ in An1 n SY1. In the above formula the functior 1ed

T+ S(Fn-F), where 6 = 8(w,x,n) is a number betwe
. probability 1 (using Assumption 2.3(a))
n1/2(T

-u) =2z7 ., A. + L.  B. + 3. .
n W) Z1=1 A1n 21=O Bln Z1=3 Byln

is defined in (2.4) and where

A, = n'/2 [} a(F)x(e)a(y -H),

=
]

on =[] U (F)3"(F)K(C)aH, Ay = [V (@)3(F)K!

B1n = n1/2 IIAC Jn(Fn)Kn(Gn)dHn’ B2n - _n1/2 ff Hn’
n
B gy = x(25,) '/ I )= IK()a, - A

n

_ 1/2

B g = X(2,)n ffAnns:[J(Fn)-J(F)]K(G)dHna

Bs, = X ( vn) ffA ~ U (F)g' (e ) - J'(F)IK(G)
n oy

Bgy = X(QYn) ffA ~ u (F)3' (F)K(G)a(H -H),
n oy

By?n =‘X(Qyn) IIACUSC Un(F)J'(F)K(G)dH’
noy

B g, = ,1/2 ffA J(F)IK(c )-k(G)laH - Ay

n
c =n'/2 ij [3(F, )-3(F)IIK(G )-K(G)IaH_.

n

A 4l ad
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i=3 "yin n'/2 ffAn[J(Fn)—J(F)]K(G)dHn - A

2n’
ich is symmetric to B8n . For this reason B8n will not be treated

the sequel.

We now proceed to prove the asymptotic normality of the A-terms.
t us start with the very useful remerk that if a and b satisfy

.2), then for i = 1 and 2 we can find numbers P;s Q5 > satisfying

1+qf1 = 1 and

1
.5) (a+1/2+8/2)p, < 1, bq, < 1, ap, < 1, (b+1/248/2)q, < 1.

to the first pair of inequalities,we have a+1/2+8/2+b = 1-8/2 and

1sequently a+1/2+8/2 < 1-§/2 (the numbers a and b are strictly

1)-1

sitive). Now choose P, = (a.+1/2-1-3&/h)-1 end let q, = (1-p;

an (a+1/2+6/2)p1 < 1 and

| = (1/2-a~8)/(1/2-a=38/4) < 1. The second pair of inequalities can

obtained in the same way.

The rv A1n can be written in the form

_ =1/2 n
6) A1n =0 Ziay A1in :
re AL = J(F(Xi))K(G(Yi)) - Uy are independent and identically

stributed (iid) with mean zero. Under Assumption 2.1 application of

.5) with p = p. and q = q. shows that the rv A1in has a finite absolute

0 0

1lent of order 2 + GO for some 60 > 0. The same conclusion holds under




sumption 2.2 for H in HCG as may be seen by applying (1.6). Moreover

is moment will be uniformly bounded above for H within H(H ).

Cs
Because
-1/2 n
Un(F) - Zi=1(¢X._F)’

i
ere
.T) ¢X:(x) =0 if x < X, and ¢X.(x) = 1if x > X,

i i
have
_ =1/2 n
-8) hop = m i=1 "2in °?
- T .. .

ere the A2in ff(¢xi F)J'"(F)K(G)dH are iid with mean zero. Under

sumptions 2.1 or 2.2 we have

< D2 r1/2-a/h(F(Xi)) [f ra+1/2+6/h(F)rb(G)dH.

|A2in| —

r some 51 > 0 the random part of this upper bound possesses an absolute
nent of order 2 + 61 which is uniformly bounded above for H in H.
jer Assumption 2.7 the non random integral is seen to be uniformly

unded above for H in H by application of (1.5) with p = p, and q = q

1 1

in (3.5). Uniform boundedness of this integral for H in HC(S holds

jer Assumption 2.2 , as may be shown by application of (1.6).




~12=

Analogously we can write

_.=1/2 n
sre A = ff F)X'(G)dH are iid with mean zero. Agein for

> 0 this rv has a finite absolute moment of order 2 + 61 which is
.formly bounded for H in H(HC<S ). This time use (1.5) with p = p, and

*q, as in (3.5).

Combining (3.6), (3.8) and (3.9) we get zf_ A. - N(O,cg) as

=1 "in 4

- », The variance o> is given by (see [1])

10) o® = Var[J(F (X))K( + [[(¢ - F)I' (F)K(G)aH

+ [[(6,-6)3(F)K" (G)an1,

h ¢ defined in (3.7).
Since we have shown that an absolute moment of order larger than

xists and is uniformly bounded on H(H, . ), and because the variance

Cé¢

uniformly bounded away from zero on H'(H', . ), the established

c S

vergence in distribution is uniform for H in H'(H'C . ) by Esseen's
O

orem (see e.g. [3], Section 4).
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4, Some lemmas. We start with a number of lemmas to be used in the

>ofs of both Theorem 2.1 and Theorem 2.2.

LEMMA 4.1, For any ¢ > O the function r®

is symmetric about 1/2,
:reasing on (0,1/2] and has the property that for each B in (0,1)
:re exists a constant M = M, such that rC(Bs) <M rc(s) for

B
<s < 1/2 and rc(1-B(1-s)) <M rc(s) for 1/2 <s < 1,

PROOF. On (0,1/2] we have r°(Bs) = (8s) 5(1-gs)™" 5.B-Crg(s).

similar argument applies to the interval (1/2,1). 0

N n ny Y .
LEMMA 4.2. For each w let @n o) and Wn =V be functions on

nw nw

= A, @md A, =b , respectively (see (2.6)), satisfying

n ) A%
1(F,Fn) =0 :_max(F,Fn) and min(G,Gn) <V i'max(G,Gn) where defined.

n

:m uniformly for n = 1,2,... and H € H:

(1)  sup r5(3) r"%(F) = 0_(1) for each ¢ > 0;
a1 n p -

r\J -
(ii) sup r'(¥ ) (@) = 0_(1) for each n > O
An2 n P -

1/Q-T(F) = 0_(1) for each T > O.

(1ii) sup )lUn(F)|r b

00 ’oo

PROOF.(i) From formula (3.1) and e.g. from [17], Lemma ».3 it follows

it for each € > O there exists a constant 8 = B, in (0,1) such that

—
~

P(a,) = P({BF<F <1-B(1-F) on & .}) > 1-¢,

n 1




—1h=

r all n and uniformly in all continuous F. Because of the definition

v
¢ we have BF 5-%n < 1-B(1-F) on A .. By Lemma 4.1 this implies

nil

at for some constant M we have r % rE(F) for x in A . on
Ce Ce nl

e set Q .
n

(ii) This is analogous to (i),

(1ii) This follows immediately from Lemma 2.2 of Pyke and Shorack [10

For each positive integer k we define a function I, on [0,1] by

k

(s) = (i-1)/k for (i=1)/k < s < i/k, i = 1,...,k.

LEMMA 4.3. As k,n > =, sup ) |u (1 (F))-Un(F)|+po uniformly

n 'k

o0 00
T

all continuous F.

PROOF. Note that sup U (1 (F))=U_(F) u |,

-m<x<w| n 'k n | = Sup05§§j|Un(Ik)- n

ich is no longer dependent on F. The Un-processes converge weakly to
tied-down Wiener process U (see e.g. Billingsley [2]). In Pyke and

orack [ 10] these U = and UO- processes are replaced by U - and Uo-

n
AV VIRV
>cesses defined on a single new probability space (Q,A,P) and having

> same finite dimensional distributions as the original processes

ze also Skorokhod [12]). These new processes satisfy sup|U —UOI a.s 0

) . v v . .

i hence also sup|U (Ik)-UO(Ik)]*é ¢ 0 uniformly in k, as n > . Now
. '\J. v Y

)|U k) Unl < sup[U —U | + sup|U UO(Ik)l + suplUO k) Un(Ik) . For

10st every w the function U is uniformly continuous on [0,1] so that

0

AVEEAV] v Y
>|UO O(I )|ﬁéls'0 as k > », This proves that sup|Un(Ik)—Unlaé.s.O for
L > o, This last result implies the convergence in pro-

)yility of the lemma. U
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Let v and A be the random indices 1 < v(w), Mw) < n such that

LEMMA L.L4. As n > =, P({a, < F(X ) < 1=a )} n {o < G(Y ) < 1-a })>1

n

iformly for H in H provided only a = o(n

PROOF. The probability of the complementary event is bounded above

‘ 2a2 + 201 - (1—un)n]#0 as n > », independently of H in H. U
We conclude this section with some lemmas needed for Theorem 2.2,
LEMMA 4.5, As n » =, P({Yv=Ynn})+ 0 uniformly for H in HC 5

PROOF. P({Y =Y '}) = PWU? )}) = nffm"lan.

=X Y) = (X

4
nn’ nn

te that for all x, y we have H(x,y) < F(x) and H(x,y) < G(y). Letting

= (n-1)/2 and applying (1.6) we obtain

n-1 o o
nf[HT (x,y)aH(x,y) < nffF “(x) G ~(y)aH(x,y)

n

:_Cn[fé 10 ré/2

a11°

= Cn[r(n0-6/2+1)r(1-5/2)/r(n0-5+2)]2

n > =, because 0 < § < 1/2, Here C1 is a constant depending on C

d § only; hence the convergence is uniform for H in H06 , O
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MA 4.6. As n P({Yn E_G(Yv) 5_1-yn}) > - for H
rovided y < for some positive const

n -
OF. This pro ty equals 1-P({G(YV)<yn} >1-yn}
han (2a)1/6 cause of the independenc ple
,application .6) gives

_ -1
(Y )<y }) = PR )T 0 {6y

-1
= j?w (Yn) Fn-l(xn)dﬂ(xn,y

- Y
< =1 .8/2 ararf " 5/2 4

2
= n—cS/E)/I‘(n+1-<S)]n-6+(S /2

2
. +8/2 -~8+8°/2 _ , -8/2
-_ 2
s because =8 2 <0 for 0<§8< 1/2. H , are
s depending and a onlyj hence the c s unif

HCG . 0
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5. Proof of the theorems: Asymptotic negligibility of the remainder

ms under Assumption 2.3(a). Let us start with a further decomposition

Cn’ which can be seen to be the sum of

C.1n * X(an)n1/2 ffAn[J(Fn}J(F)][K(Gn)-K(G)]dHn,

c,. =x(a )2 /f L3(F_)-J(F)Ik(G )aH

Yen Yn A ns® n n’ n’
ny

c. ==x(2 )n"? [ [3(F_)-3(F)IK(G)aH

Y3n Yn A ns® n n?

n-y
Cohn = X(Qyn) ffA . u (F) J'(e )Ik(G )-K(G)IaH .
n-y

m this we see that Byhn and C cancel out. The asymptotic negligi-

Y3n
ity of the other B- and C-terms will be given as corollaries to the

mas of the previous section.

COROLLARY 5.1. As n + =, B

1n +p 0 uniformly for H in H(HC6~)'

PROOF., The rv B, 1is bounded by Z? B..  where
I n i=1 " 1in
B, =xa"2ls (D[] K (G (y))]aH_(x,y)
11n n {X__IxA n'“nY n XY
nn- n2
_ . 1/2
Biog =0 ' 19, (MK (D[]« v )y, (),
nn’ nn
B.. =a?x (D|[f 19 (F_(x)) & (x,y)
13n n A x{Y }'"n''n n XY/
nl nn

Under the assumptions of Theorem 2.1 we have at once that the

. of these terms is of order O(n_1/2+a+b) = O(n_s) >0 as n >,

formly for H in H.




Under the assumptions

umption 2.2, |Kn(Gn(y))|
v

h Wn = Gn and n = b give

() f_Mrb(G) on A

'n = 1,2,... and all con

re v is defined by (L4.3)
e that by (1.2) and Assu

stant D, > D. Let @ =
1 = on

n +~ «, Applying Lemma U,

ugh, uniformly for H in

For the B use Le
*V Zion
may assume & non-zero va

- @, uniformly for H in H

COROLLARY 5.2. As n ~

PROOF. The rv B2n i1s b

+p 0 uniformly for H in H(H

-18-

orem 2.2 first consider B11n' By

(Gn(y)). Application of Lemma 4.2(ii

existence of a constant M such that
S probability larger than 1-¢ unifor

s H. Also

'1/2|Jn(1) r(6(x)),

Y, = n_1/2|Jn(1)| and

. 2.2 we have Y, _<__D1n-6 for some

G(Y, ) < 1-v }. Then

DMY1_b(1-Y )P = o(n"s“"b)) +~ 0
n n
ee that P(n?_ Q. ) > 1=2e for n larg
1=11n

A symmetric argument can be given fo

5 to see that the set on which this

S probability converging to zero as

ce ).

. by E. B,_. where

1=1 " 2in
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B, =% /AR (r(x ) Pa(x,)),
B, = 0P AR (r(x))) £2(a(y,)),
h v and A defined by (L4.3).

Under the assumptions of Theorem 2.1 consider

= {a < F(X) :_T-an} n {a

0 < N f—G(Y\)) < 1—0¢n}, wi

n

e that nan > 0. Then

2n—1/2an—a-b( )-a-b

1-a
n

nun)T-a_b(1-a )"a"b >

n > o, Lemma 4.4 gives that P(Q1n) ~ 1 as n > «,

The same argument applies for the rv Bo,, -

Under the assumptions of Theorem 2.2 consider

= {8, < F(X,) < 1-8} n v, < G(Y) < 1=y}, wi

n
Y, = n~¢. Then by (2.3)
2 =1/2 a =b -8
x(2, )B,, <D By, (1-8)
n~>oo, BY Iemmas 4.4 and 4.6 we see tha

formly for H in H05 . The rv B22n can be treated

COROLLARY 5.3, For fixed v, BY3n +p 0 and CyTn

formly for H in H.

a+b

mly fo

(n 1

as n -~
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PROOF . P(an) + 0 uniformly for H in H by the Glivenko-Cantelli

orem and because the distribution of sup[Fn-F| does not depend on

nt., O

COROLLARY 5.4, For fixed y, B

> 0 and C + 0 asn > o,
Y5n p vbn 'p

formly for H in H.

PROOF. According to Lemma 4,2(iii) With 1t = 1/2, for given € > 0

re exists a constant M such that Q = {sup|1gﬁfﬁ[§M} has probabilit:

ger than 1-e¢ for all n and H in H. Also

x(2 )|B . | <M sup |g' (e )-3'(F)|{sup, |K(G)].
n Y5n AmnSY1 n SY2
function K(G) is bounded on SY2 and the bound does not depend on
1 H., The function J' is uniformly continuous on
2,8 =v/2] u [s +y/2,1-y/2]. Since ]@n—F| :-IFn_FI where ¢ is
-ned, the Glivenko-Cantelli theorem yields sup, .o |J'(¢n)—J'(F)|

nl "yl
‘ormly for H in H. A similar argument may be used for C Ln* g

COROLLARY 5.5. For fixed v, BY6n +P 0 as n > », uniformly for H
[

PROOF. For arbitrary k we have (see (4.2))

o 5_23 B

n i=1 “yb6ikn » Where




—D1=~

Broren = J/a_ns [0n(F)I"(FK(@)-U, (T, (F))J'(1
n-y

(I (F))J" (I (F))K(I (G))d(Hn-H)l,

k k

B /] U
y62kn AnnSY n

By63kn ~ ffAnnsY|Un(F)J'(F)K(G)-Un(Ik

Let us first consider BY and By63kn’ which are both bounded by

61kn
supremum of the integrand over the set Sy. Let an arbitrary € > 0
given., Application of Lemma 4.3 gives the existence of constants

> 0 as k,n >~ =, such that Q_ = {sup|Un(F)—Un(Ik(F))| < My hes
>ability larger than 1-¢ for all k,n and all H in H. Note that on

»8,=Y1 U [s,+v,1-v]) x ([y,t =y] u [t +y,1-y]) the function J'(s)K(t)
counded , say by a constant MY s and unifermly continuous. By

na 4.,2(iii) with 1t = 1/2, there exists a constant M such that

= {sup|Un(F)l < M} has probability larger than 1-e. Let us finally write

(F))K(T, (G))] which tends to zero

= maxg |7 (F)K(G)-J' (I ,

Y .
¢ > », uniformly for H in H. Hence for i = 1,3

k k

><'(anrmn)By6ikn :-nany * MCkY >0

t,n > » for fixed y. Because P(Q nQn) > 1-2¢ uniformly for H in H

kn

e 0 uniformly for H in H,

nay conclude that BY61kn +p 0 and BY63kn
i’n+wl
Let us next consider B for a fixed value k. For each w
y62kn

), the integrand in the expression for this rv is a simple step

‘tion assuming a value aijkn(w) on the rectangle




-0

= (P (=) /K) S (1/R) I (6T ((5-1) /%) ,6" 1 (5/k)1 n S, n

R; 5kn y

i=1,...,kand j =1,...,k. Because Ia'jkn{ :-M(My+cky) on @ ,

1
have
k k
X (2B, on = 1T521 Do 8 5km ”Rijknd(Hn'H)l
2
< Lk M(MY+z;kY) sulen-Hl 7D 0

a » », uniformly for H in H. Here Theorem 1-m of Kiefer [8] is use
conclusion of the corollary follows by straightforward combinatio

these results. O

COROLLARY 5.6, As Y + 0 and n » =, BY7n +P 0 and Cy2n +p 0,
).

formly for H in H(HCG

PROOF, Let € > O be given and let us first consider BY7n' By
na 4,2(iii), teking t = §/L4, there exists a constant M, such that

1
<M r-1/2+5/h

= {lUn(F)| <M, (F)} has probability larger then 1 - € fo:

n and H in H, From Assumption 2. 1 (Assumption 2.2) it may be seen

«r

atl1/2+8/k

1) X(Qm)'By”(n' _<_132M1 ”ACUSC r (F) r°(G)aH.

Y
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Next censider Cy2n' By Assumption 2.1 (Assumption 2.2) we have

¢ )| <G ) ona_

Dl < and application of Lemma L4.2(ii) with

2
= Gn and n = b gives the existence of a constant M2 such that
= {rb(Gn) <M, rb(G) on An2} has probability larger than 1-¢ for
n and H in H. Teke an arbitrary w in Q and let us first consider

se values of x in An s for which the open random interval between

1

points F(x) and Fn(x) does not contain s.. Then by continuity of

1

n the closed and differentiability on the open interval, the mean

ue theorem can be applied} it follows from Assumption 2.1

sumption 2.2) that n1/2lJ(Fn)-J(F)| = |Un(F)J'(®On)| _<__D|Un(F)|ra+

those values of x in An for which the open random interval betw

1

points F(x) and Fn(x) does contain s, &, the mean value theorem

1

lied stepwise, since J is continuous on the closed interval and

ferentiable on the two open intervals between F(x), Fn(x) and s, .

thus get the estimate

2 2 a+1
| D’Un(F){Eiﬂ r ( in

m,bmhémlmd

J(F )=3(F)| §_|Un(F)|E§=1{J'(®in)| ) by

umption 2.1 (Assumption 2.2). Where defined on A

s O lie between F and F . By Lemma L.2(i), taking ¢ = a+1, there

sts a constant M3 such that

6. ) <M ra+1(

i=O,1,2r in) Mg F) where defined on An1} has

bability larger than 1-e¢ for all n and H in H. Combining these

ults we have

§=1 in)| a+1/2+6/h(F> rb(G)dH.

2)  E(x(n 1) :_2D2M1M2M3ffsc r

Y

Cy2n




o) 1P

From (5.1) and (5.2) it is clear that the corollary is proved if
show that the integral on the right in (5.1) converges to zero

Y ¥+ 0 and n > », uniformly for H in'H(H,. ). For this

Cs

pose we start with the integral

3) /. 81248/ gy gy an,

S
Y

note that Ss c (S$1 X (=040)) U ((=0,0) X 832). Under Assumption 2.%,

application of (1.5) with p = P, end q = q, as in (3.5), we find

t (5.3) is bounded uniformly for H in H by

(a+1/2+6/h)p1

1/p, . Pa,
r ar]

1/q
[fr 4aI] !

" (0,v)u(s vy8 4100017, 1)

L) -
(a+1/2+8/4)p

1/p1 bq1
+ [f r

1 _
[I(OsY)U(t1-Y,t1+Y)U(T—Y:1)r arl

1/a,
a1l :

ce by (3.5) both exponents of the function r are smaller than 1, the
inated convergence theorem implies convergence of (5.4) to zero as
0. Under Assumption 2.2 and for H in HCG’ by an application of (1.6) we

t (5.3) is bounded uniformly for H in HCG” by

s T 1-8/k 1/2=8/2,
C[I(O,Y)U(s1—y,s1+‘y)u(1_,Y’,‘1)r dI][I r arj.:

5)

1-8/k 1/2-68/2
votfx dI][f(O,Y)U(t1-Y,t1+Y)u(T-Y,T)r ard,




-25-

ch by the dominated convergence theorem converges to zero as y + 0
ce under the assumptions of Theorem 2.1 (Theorem 2.2) a value % of

an be chosen such that (5.3) is smaller than € for all H in H(H06

vided vy :_%. For this ? there exists an index n = gw such that
A > 8,}) > 1-¢ uniformly for H in H, provided n ng. It follows
t'unde; the assumptions of Theorem 2.1 (Theorem 2.2) the integral
the right in (5.1) is smaller than € with probability larger than

. . Y] n
uniformly for H in H(HC ) for all y <y and all n > n. [

8

In order to show how the results of these corollaries can be com
ed to complete the proof of Theorems 2.1 and 2.2, let an arbitrary
0 be given. First use Corollary 5.6 to choose a fixed Yy and an

ex n, to ensure P({|B_. |, |C < €}) > 1-e for all n > n, . Next

YTn Y2n|

Assumption 2.3(a) and Corollaries 5.1-5.5 to choose for the above

n index n, = n, > n, such that P({|Bin|, |

0,1425 J = 3,5,63 k = 1,4}) > 1-e. This implies that the probabil

Ban|, Icyknl < € for

t the sum of all these second order terms does not exceed 10e , is

ger than 1-2¢ uniformly for H in H(HCG ), as n > n,.
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6. Replacing Assumption 2.3(a) by Assumption 2.3(b). We shall now

pose that Assumption 2.3(b) holds. Again the theorems will be
sidered only in the case where J and K fail to have a derivative
one point,s1 and t1 respectively. The proof is based on an analogue

(3.4). We shall need both the empirical processes and the processes

F) = n'/2(F" "), v¥(e) = n'/2* ,-0). Instead of the set @ we shall

n
* .
2y = {w: supan-F| <v/2, sup|Gn-G| < y/2}. The role of 4 will
taken over by its closure A =4 , x4 , = [X1n’Xnn] X [Y1n’Ynn]'

ause integration over An with respect to dHn is the same as integration

r the entire plane, we now have the simpler decompodsition
1/2 _ .3 * 5 * * L o*
1) n 'o(T -u) = Ei_ AL+ Bo v I B+ Bg YO

e * . .
h probability 1. Here BOn is defined in (2.5), the A-terms are as

en in Section 3 and

B, - x(sz:rcl){nUe [[L3(E)-3(F) IK(G)aH A, },
B o = x(a) )02 I e (F)IK(c)aH,_,
S
Byan = X0y) [fg G- ) (@),
BYhn - X(Qvn) ILK . Un(F)J‘(F)K(G)d(Hn_H),
n

B:5n ) X(Q:n) Ul - U;(F)J'(F)K(G)dH-A2n},
B*6n =, 1/2 [f J(F)[K(G:)_K(G)]dHﬁ A,

¢, =n'? [[LaE)-3(F) IK(CY)-K () Ja_.
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function Q; arises from application of the mean value theorem and

s strictly between F and F: where defined. The énalogues of B1n and

are missing in this decompositien § this essentially simplifies the
of of the theorems. However, if one tries to prove the validity of
umption 2,3(b) when Assumption-2.3(a) is given to hold, problems similar
those connected with B1n and B2n recur.

Only the second order terms differ from those in (3.4), For their

mptotic negligibility we need the following modifications of Lemma 4.2,

Lk %k ok ok .
LEMMA 6,1, For each w let ¢ =& . and ¥ =V be functiens

An1 = An1w and An2 = An2w respectively, satisfying
* . *
(F,F*) <3< max(F,F ) and mln(G,G*) < ¥V < max(G,G*) ,
n - n-— n n — n-— n

re defined. Then, uniformly for n = 1,2,... and H ¢ H:

sup r°(3*) r"%(F) = 0_(1) for each ¢ > 03
O > -
f n
) n,ux =N -
sup_  r (¥ ) r (G) = OP(T) for each n > 0.
A .
n2 :

PROOF. It suffices to prove (i). Let us first show that for each

0 there exists a 8 = B_ in (0,1) such that P({8F < F. < 1-(1-F)
on Z;T}) > 1-g,

all n and uniformly in all continuous F., By (4.1) and because

<n/(n+t1) < 1, we only have to prove that

a/(n+1) :_1-6[1-F(Xnn)]}) > 1-¢ for B small enough. Because the

i) are independent uniform (0,1) rvs , this probability

als 1 - {1=1/[8(n+1)1}* > 1-¢ for all n and uniformly in all con-

uous F, provided B = B€ is chosen sufficiently small., The proof can

concluded in the same way as that of Lemma 4,2, O .




LEMMA 6.2, Uniformly in all continuous F we have:

sup _ |U:(F)-Un(F)|r1/2—p(F) 5 Oy as n > =, for each p > 03

ni

) sup_ IU;(F)[r1/2_T(F) = Op(1)$ uniformly for n = 1,2,..., for

ni each T > O,

PROOF. (i) Note that [U;(F)-Un(F)IrUe‘p(F) < o= 172,172 5y

| that for any fixed B ¢ (0,1) we have r1/2_p(6/n) = r1/2_p(1—8/n)
'(n1/2-°). Because the F(Xi) are independent uniform rvs, given an
itrary € > O we can choose a B = Be in (0,1) such that

) < F(X_ ) < 1- 8/n}) > 1-e for all n and uniformly fox

8/n = F(Xm —_— nn

. continuous F, Part (i) follows from a combination of these result

(ii) Follows from (i) and Lemma L4,2(iii). [J

The proof that the sum of the B*- and C*-terms converges in pro-
ility to zero can be given by a method quite similar to that of

tion 5, by using Lemmas 6.1, 6.2 instead of Lemma L4.2.
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